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ON THE SEPARATION STRUCTURE OF LALLEY-GATZOURAS
FRACTALS
LI-FENG XI, JUN JIE MIAO, AND YING XIONG
Abstract. We obtain a necessary and sufficient condition for Lalley-Gatzouras
sets to be uniform disconnected. This enable us to find all Lalley-Gatzouras sets
which are quasisymmetrically equivalent to the Cantor ternary set. As another
application, we also study the limit behavior of the gap sequence of Lalley-Gatzouras
sets.
1. Introduction
Although every compact totally disconnected perfect set is homeomorphic to the
Cantor ternary set, such sets in a metric space may have quite different geometric
structures. So a natural question is to seek a general way to characterize the sets
which are roughly like the Cantor ternary set. David and Semmes [4] answer this
question in the sense of quasisymmetric equivalence. Two metric spaces are said to
be quasisymmetrically equivalent if there is a quasisymmetric mapping from one onto
the other. A mapping f from (X, d) to (Y, ρ) is called quasisymmetric if it is an
injection and there exists a homeomorphism η : [0,∞) → [0,∞) such that for any
x, y, z ∈ X and t > 0,
d(x, y) ≤ td(x, z) =⇒ ρ(f(x), f(y)) ≤ η(t)ρ(f(x), f(z)).
We refer to [4, 11] and the references therein for detailed description of quasisymmetric
equivalence and quasisymmetric mappings.
With the notion of uniform disconnectedness, David and Semmes [4] proved that
every compact, doubling, uniformly disconnected and uniformly perfect set is qua-
sisymmetrically equivalent to the Cantor ternary set (see [4, Proposition 15.11]). Note
that every subset of Euclidean spaces is doubling, while Xie, Yin and Sun [19] prove
that every self-affine set is uniformly perfect if it is not singleton. It is therefore of
interest to look at what self-affine sets are uniformly disconnected.
As an important object in fractal geometry and related fields, self-affine sets are
composed of smaller affine copies of themselves. In the self-affine construction, con-
traction ratios may assume different values in different directions. This fact causes
huge difficulties to obtain results which hold for all self-affine sets (see [16]). Con-
sequently, there are two approaches in the study of self-affine sets: finding results
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for generic sets (almost all in some sense, see Falconer [7, 8]) or for specific sets
(see [1, 2, 9, 13, 14, 18]).
In this paper, we study a special kind of self-affine sets on R2: Lalley-Gatzouras
sets, which were first studied by Lalley and Gatzouras [13], as a generalization of
McMullen sets [2, 14]. We obtain a necessary and sufficient condition for such sets
to be uniformly disconnected. This enable us to find all Lalley-Gatzouras sets which
are quasisymmetrically equivalent to the Cantor ternary set.
As another application, we use this result to study the gap sequence of Lalley-
Gatzouras sets. Gap sequence first appear in the work of Besicovitch [3] on cutting-
out sets in the line. Rao, Ruan and Yang [17] generalized this concept to sets in higher
dimensional spaces. In the follow-up study, the gap sequence is widely used to explore
properties of fractals. In particular, it is often related to box dimension, especially
for self-similar sets or cutting-out fractals, see [3, 5, 6, 10, 15, 17, 20]. Roughly
speaking, if a set E has a regular separation structure (e.g., E is a self-similar sets
satisfying the strong separation condition), then its gap sequence {αk}k and its box
dimension dimB E are related by αk  k−1/dimB E, i.e., c−1αk ≤ k−1/ dimB E ≤ cαk for
a constant c. We will prove this result for Lalley-Gatzouras sets by making use of
uniform disconnectedness.
This paper is organized as follows. We recall some basic definitions in Section 1.1;
and present main results in Section 1.2. In Section 2, we study the uniform dis-
connectedness and prove Theorem 1.1. Finally, we discuss gap sequence and prove
Theorem 1.3 in Section 3.
1.1. Basic definitions. We recall the definitions of Lalley-Gatzouras sets, uniform
disconnectedness and gap sequence in this subsection.
Lalley-Gatzouras sets (see [13]). Given integersm ≥ 2 and ni ≥ 0 with i = 1, 2, . . . ,m.
Let bi > 0 be real numbers for i = 1, 2, . . . ,m such that
∑m
i=1 bi = 1. Write d1 = 0
and di = b1 + b2 + · · ·+ bi−1 for i = 2, 3, . . . ,m. Let
D =
{
(i, j) : 1 ≤ i ≤ m for ni > 0 and 1 ≤ j ≤ ni
}
.
Let {aij}(i,j)∈D and {cij}(i,j)∈D be two sequences of nonnegative numbers such that
1 > bi > aij > 0 for each (i, j) ∈ D,
∑ni
j=1 aij ≤ 1 for each i, ci(j+1) − cij ≥ aij for
each (i, j) ∈ D and 1− cini ≥ aini for each i.
For each (i, j) ∈ D, we define a self-affine transformation on R2 by
(1) Sij(x, y)
T =
(
aij 0
0 bi
)(
x
y
)
+
(
cij
di
)
,
then the family {Sij}(i,j)∈D forms a self-affine iterated function system. According to
Hutchinson [12], there exists an attractor E, called a Lalley-Gatzouras set [13], such
that
(2) E =
⋃
(i,j)∈D
Sij(E).
Note that the hypotheses on {aij}, {bi} and {cij} guarantee that the open rectangles
{Sij
(
(0, 1)2
)}(i,j)∈D are pairwise disjoint subsets of (0, 1)2 with edges parallel to the
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x- and y-axes, are arranged in rows of height bi, and have height greater than width.
See Figure 1 present the first level structure of a Lalley-Gatzouras set.
Figure 1. The first level structure of a Lalley-Gatzouras set
As stated in [13], let s1 ∈ R be the unique real such that
(3)
m∑
i=1,ni 6=0
bs1i = 1.
Then the box dimension of E is dimBE = s, where s is given by
(4)
m∑
i=1,ni 6=0
ni∑
j=1
bs1i a
s−s1
ij = 1.
Uniform disconnectedness (see [11, 4]). Let E be a subset of a metric space (X, ρ). E
is called uniformly disconnected if there is a constant C > 1 so that, for each ξ ∈ E
and r > 0, we can find a subset A of E such that B(ξ, r/C) ∩ E ⊂ A ⊂ B(ξ, r) and
dist(A,E \ A) ≥ r/C.
The gap sequence. The gap sequence of cutting-out sets in the line was first studied
by Besicovitch [3]. Rao, Ruan and Yang [17] generalized this concept to sets in higher
dimensional spaces.
Let A be a compact subset of R2. For distinct x, y ∈ A, we say x and y are δ-
equivalent if there exists a sequence of points a0 = x, a1, . . . , ak = y of A such that
|ai+1 − ai| ≤ δ for i = 0, 1, . . . , k − 1. Let N(δ) be the cardinality of the set of δ-
equivalent classes of A. Clearly the mapping N : R→ N is non-increasing. We write
N(δ−) = limh→0+ N(δ − h). We say a sequence {αk}k≥1 is the gap sequence of A if
the elements of {αk}k≥1 are made of the jump points of the function δ as δ decreases
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with multiplicity N(δ−) −N(δ), that is, the value of δ is in the gap sequence {αk}k
if and only if N(δ) < N(δ−) and the multiplicity
card{k : αk = δ} = N(δ−)−N(δ).
We also write N(δ, A) to emphasize the dependence on the set A.
For an example, the gap sequence of the Cantor ternary set is
1/3, 1/9, 1/9, . . . , 1/3n, . . . , 1/3n︸ ︷︷ ︸
2n−1
, . . . .
1.2. Main results. Our first result concerns the uniform disconnectedness of Lalley-
Gatzouras sets.
Theorem 1.1. A Lalley-Gatzouras set E is uniformly disconnected if and only if E
is totally disconnected and there exists an i ∈ {1, 2, . . . ,m} such that ni = 0.
David and Semmes [4, Proposition 15.11] proved that every compact, doubling,
uniformly disconnected and uniformly perfect set is quasisymmetrically equivalent
to the Cantor ternary set. Since self-affine sets are always doubling and uniformly
perfect (see [19]), Theorem 1.1 implies
Corollary 1.2. A Lalley-Gatzouras set E is quasisymmetrically equivalent to the
Cantor ternary set if and only if E is totally disconnected and there exists an i ∈
{1, 2, . . . ,m} such that ni = 0.
Geometrically, the condition ni = 0 for some i ∈ {1, 2, . . . ,m} means that there
are some horizontal line segments in [0, 1]2 do not intersect with the Lalley-Gatzouras
set. Corollary 1.2 implies that the Lalley-Gatzouras sets that satisfy this condition
are essentially different from that do not satisfy this condition.
As another application of Theorem 1.1, we obtain the relationship between the gap
sequence of Lalley-Gatzouras set and its box dimension.
Theorem 1.3. Let E be a totally disconnected Lalley-Gatzouras set with ni = 0 for
some i ∈ {1, 2, . . . ,m} and {αk}k the gap sequence of E. Then
αk  k−1/dimB E.
Here the symbol αk  βk means that there exists a constant c > 1 such that
c−1βk ≤ αk ≤ cβk for all k.
2. Uniform disconnectedness of Lalley-Gatzouras sets
We shall prove Theorem 1.1 in this section. Let E be a Lally-Gatzouras set with
the IFS {Sij}(i,j)∈D defined by (1).
2.1. Proof of necessity. The following equivalent condition for uniform disconnect-
edness is useful (see [11, §14.24]). E is uniformly disconnected if and only if there is
0 > 0 such that no pair of distinct points ξ, ξ
′ ∈ E can be connected by an 0-chain
in E, where an 0-chain connecting ξ and ξ
′ in E is a sequence of points ξ = ξ0, ξ1,
. . ., ξn = ξ
′ in E satisfying |ξi − ξi+1| ≤ 0|ξ − ξ′| for all i = 0, 1, . . . , n− 1.
We prove the necessary part of Theorem 1.1 by using the above equivalent condi-
tion. Suppose that ni 6= 0 for all i = 1, 2, . . . ,m. It suffices to show that, for any
0 ∈ (0, 1), there are two points ξ, ξ′ can be connected by an 0-chain in E.
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For this, observe that the condition ni 6= 0 for all i implies that the projection of E
to y-axis is [0, 1]. Hence we can find a sequence {(xk, k/n)}0≤k≤n ⊂ E, where n is a
positive integer with 1/n < 0/2. Pick an affine mapping T = Si1j1 ◦ Si2j2 ◦ · · · ◦ Si`j` ,
where Sikjk defined by (1), such that
ai1j1ai2j2 · · · ai`j`
bi1bi2 · · · bi`
≤ 0
2
.
We claim that ξ = T (x0, 0) and ξ
′ = T (xn, 1) are two points connected by the
0-chain {T (xk, k/n)}0≤k≤n in E. Indeed,∣∣T (xk, k/n)− T (xk+1, (k + 1)/n)∣∣ ≤ ai1j1ai2j2 · · · ai`j` |xk − xk+1|+ bi1bi2 · · · bi`/n
≤ bi1bi2 · · · bi`(0|xk − xk+1|/2 + 1/n) ≤ bi1bi2 · · · bi`(0/2 + 0/2)
= 0bi1bi2 · · · bi` ≤ 0
∣∣T (x0, 0)− T (xn, 1)∣∣ = 0|ξ − ξ′|.
Thus, the claim is true and the proof of necessary part is completed.
2.2. Proof of sufficiency. Suppose that E is totally disconnected and there exists an
i ∈ {1, 2, . . . ,m} such that ni = 0, we will show that E is uniformly disconnected. The
proof is heavily dependent on the special geometrical structure of Lalley-Gatzouras
sets. Roughly speaking, the condition ni = 0 for some i means that the set E is well
separated in the vertical direction. Thus, the focus is on the analysis of separation in
the horizontal direction.
We divide the proof into three steps. Step 1 studies the projection of E on the
y-axis and the fiber of E on each horizontal line. Step 2 deals with the separation
structure of the projection and the fibers. Step 3 gives the proof of sufficiency.
Step 1. In this step, we determine the projection of E on the y-axis and the fiber
of E on each horizontal line.
Recall that the IFS of E is defined by (1). Let
I = {i ∈ {1, 2, . . . ,m} : ni 6= 0}.
For i ∈ I, set φi(y) = biy + di. The projection of E to y-axis, denoted by F , is the
self-similar set generated by the IFS Φ = {φi : i ∈ I}, i.e.,
(5) F =
⋃
i∈I
φiF.
Now we study the fiber Ey of E for y ∈ F , where Ey = {x : (x, y) ∈ E}. Clearly,
(x, y) ∈ E if and only if there are infinite words i1i2 . . . ∈ IN and j1j2 . . . with
jk ∈ {1, 2, . . . , nik} such that
(x, y) ∈
⋂
k≥1
Si1j1 ◦ Si2j2 · · · ◦ Sikjk
(
[0, 1]2
)
.
Since Sij : (x, y) 7→ (aijx+ cij, biy + di), this is equivalent to that
(6) y ∈
⋂
k≥1
φi1φi2 ◦ · · · ◦ φik
(
[0, 1]
)
and that
(7) x ∈
⋂
k≥1
ψi1j1ψi2j2 ◦ · · · ◦ ψikjk
(
[0, 1]
)
, where ψij(x) = aijx+ cij.
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For i ∈ I, let
(8) Ψi =
{
ψij : j ∈ {1, 2, . . . , ni}
}
.
For a finite word i1i2 . . . ik ∈ Ik, let
Ki1...ik =
⋃
f1∈Ψi1 ,...,fk∈Ψik
f1 ◦ · · · ◦ fk[0, 1].
For an infinite word i = i1i2 . . . ∈ IN, let
(9) Ki =
⋂
k≥1
Ki1i2...ik .
Then (7) is equivalent to x ∈ Ki. Given y ∈ F , an infinite word i = i1i2 . . . ∈ IN is
called the coding of y if (6) holds. Note that each point y ∈ F belongs to at most
two different set φi(F ) and φj(F ), where i, j ∈ I. Hence every y ∈ F has at most
two different codings. Consequently, we have
Lemma 2.1. For y ∈ F , the fiber Ey has the form
(10) Ey =
{
Ki, if y has only one coding i;
Ki ∪Kj, if y has two codings i and j.
Although the fibers Ey’s are different for different y’s, the set Ki is close to Kj in
the Hausdorff metric if the coding i is close to j. Recall that, for any two nonempty
compact sets A and B, the Hausdorff metric dH is defined by
dH(A,B) = max
(
max
x∈A
dist(x,B),max
x∈B
dist(x,A)
)
.
In the following, we use |A| to denote the diameter of the set A.
Lemma 2.2. For i = i1i2 . . . ikik+1 . . . and j = i1i2 . . . ikjk+1 . . ., where ik+1 6= jk+1,
we have
(11) dH(Ki, Kj) ≤ max
f1∈Ψi1 ,...,fk∈Ψik
∣∣f1 ◦ · · · ◦ fk[0, 1]∣∣ = a∗i1a∗i2 · · · a∗ik ,
where Ψi’s are defined by (8) and a
∗
i = maxj aij for i ∈ I.
Proof. By symmetry, it suffices to show that
dist(x,Kj) ≤ a∗i1a∗i2 · · · a∗ik for x ∈ Ki.
Fix an x ∈ Ki. By the definition of Ki, there are f1 ∈ Ψi1 , . . . , fk ∈ Ψik such that
x ∈ f1 ◦ · · · ◦ fk[0, 1]. Since j = i1i2 . . . ikjk+1 . . ., there is an x′ ∈ Kj∩ f1 ◦ · · · ◦ fk[0, 1].
Hence
dist(x,Kj) ≤ |x− x′| ≤
∣∣f1 ◦ · · · ◦ fk[0, 1]∣∣ ≤ a∗i1a∗i2 · · · a∗ik . 
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Step 2. This step studies the separation structure of the projection F and the setsKi’s.
We begin with the projection F .
To avoid confusion with the Hausdorff metric, we use dist to denote the Euclidean
distance and dist(A1, A2) := inf{|x − y| : x ∈ A1, y ∈ A2} for nonempty sets A1, A2.
For δ > 0, let
Iδ = {i1i2 . . . ik ∈ Ik : k ≥ 1, bi1bi2 · · · bik ≤ δ < bi1bi2 · · · bik−1}.
We say w,w′ ∈ Iδ are δ-connected if there exist w0(= w), w1, . . . , wn(= w′) ∈ Iδ such
that dist(φwk(F ), φwk+1(F )) ≤ δ for k = 0, 1, . . . , n− 1. Here φw = φi1 ◦ φi2 ◦ · · · ◦ φi`
for w = i1i2 . . . i`, where φi’s are defined in (6). For w ∈ Iδ, let
(12) Iδ(w) = {v ∈ Iδ : v and w are δ-connected}.
The following lemma describes the separation structure of F .
Lemma 2.3. Suppose that there exists i ∈ {1, 2, . . . ,m} with ni = 0, then
(13) L := sup
δ,w
#Iδ(w) <∞.
Proof. Since ni = 0 for some i ∈ {1, 2, . . . ,m}, there exists an interval I such that
I ⊂ [0, 1] \ F . Let η = |I| be the length of I. Write b∗ = min1≤i≤m bi.
If δ ≥ ηb∗, we have
#Iδ(w) ≤ #Iδ ≤ δ−1 ≤ η−1b−1∗ for all w ∈ Iδ.
If δ < ηb∗, fix a w ∈ Iδ. Write δ′ = δ/(ηb∗). We claim that there are at most two
different u ∈ Iδ′ such that
(14) φu(F ) ∩
⋃
v∈Iδ(w)
φv(F ) 6= ∅.
It follows from the claim that⋃
v∈Iδ(w)
φv(F ) ⊂ φu1(F ) ∪ φu2(F ) for some u1, u2 ∈ Iδ′ .
(Here we allow that u1 = u2. In this case, u1 is the only one word in Iδ′ satisfy-
ing (14)). Consequently,
#Iδ(w) ≤ |φu1(F )|+ |φu2(F )|
minv∈Iδ(w) |φv(F )|
≤ 2δ
′|F |
δb∗|F | = 2η
−1b−2∗ .
Combining this with the case δ ≥ ηb∗, we have
L = sup
δ,w
#Iδ(w) ≤ 2η−1b−2∗ .
It remains to verify the claim. Indeed, if otherwise, suppose that there are distinct
u1, u2, u3 ∈ Iδ′ satisfying (14). Without loss of generality, suppose that φu1(F ) is on
the left side of φu2(F ) and φu3(F ) is on the right side of φu2(F ). Since I ⊂ [0, 1] \ F ,
we have ⋃
v∈Iδ(w)
φv(F ) = A ∪B,
where A contains all the points which are on the left side of φu2(I) and B contains
all the points which are on the right side of φu2(I). Clearly, A and B are nonempty
and dist(A,B) ≥ |φu2(I)| > δ′ηb∗ = δ. This contradicts the definition of Iδ(w). 
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Now we turn to the separation structure of Ki.
Lemma 2.4. There exists a constant λ > 0 such that, for each open interval I and
each infinite word i, we can find an open interval J ⊂ I satisfying |J | ≥ λ|I| and
J ∩Ki = ∅.
Proof. Fix an open interval I and an infinite word i = i1i2 . . .. Divide I into three
intervals of equal length, let I ′ be the middle open interval. If I ′ ∩ Ki = ∅, we can
take J = I ′ and λ = 1/3.
Otherwise, by (9), we can find a set A of the form
A = ψi1j1 ◦ ψi2j2 ◦ · · · ◦ ψikjk [0, 1]
such that A∩ I ′ 6= ∅ and A ⊂ I. We further require that A is the set of largest length
satisfying the above conditions. We have
(15) |A| ≥ 3−1a∗|I|, where a∗ = min
i,j
aij.
To see this, suppose otherwise |A| < 3−1a∗|I| and let
A∗ = ψi1j1 ◦ ψi2j2 ◦ · · · ◦ ψik−1jk−1 [0, 1].
Then |A∗| < aikjk |A| < 3−1I and A∗∩I ′ ⊃ A∩I ′ 6= ∅. Since I ′ ⊂ I is the middle open
interval of length |I|/3, we have A∗ ⊂ I. Therefore A∗ also satisfies the conditions
and |A∗| > |A|. This contradicts the fact that |A| is largest.
Since E is totally disconnected, for each i ∈ I, we can find an open interval
Ii ⊂ [0, 1] \
⋃ni
j=1 ψij[0, 1]. Let
J = ψi1j1 ◦ ψi2j2 ◦ · · · ◦ ψikjkIik+1 ,
then J ⊂ A ⊂ I, J ∩Ki = ∅ and |J | = |A| · |Iik+1| ≥ 3−1a∗|Iik+1 | · |I| by (15). Thus,
J is desired and we can take
λ = 3−1a∗ ·min
i∈I
|Ii|. 
Step 3. We can prove the sufficiency of Theorem 1.1 now. Let (x0, y0) ∈ E and δ > 0
sufficiently small. Pick w ∈ Iδ such that y0 ∈ φwF . Let
(16) B =
⋃
v∈Iδ(w)
φvF.
By the definition of Iδ(w) (see (12)), we have
(17) (y0 − δ, y0 + δ) ∩ F ⊂ B and dist(B,F \B) > δ.
By (13),
(18) |B| ≤ 2Lδ.
For each v ∈ Iδ(w), pick an infinite word iv which starts with the finite word v.
Let
(19) G =
⋃
v∈Iδ(w)
Kiv .
Let
hδ = max
i1i2...ik∈Iδ
i`j`∈D for 1 ≤ ` ≤ k
ai1j2ai2j2 · · · aikjk
bi1bi2 · · · bik
,
ON THE SEPARATION STRUCTURE OF LALLEY-GATZOURAS FRACTALS 9
note that hδ → 0 as δ → 0. By Lemma 2.1 and 2.2, for all y ∈ B, we have
Ey ⊂ Gδhδ := {x : dist(x,G) ≤ δhδ}.
It follows that
(20) {(x, y) ∈ E : y ∈ B} ⊂ Gδhδ ×B.
Combining (19) and #Iδ(w) ≤ L, using Lemma 2.4 at most L times, we have,
for each open interval I, there exists an open interval J ⊂ I satisfying J ∩ G = ∅
and |J | ≥ λL|I|. Let I ′ = (x0 − 2δ, x0 − δ) and I ′′ = (x0 + δ, x0 + 2δ), suppose
J ′ = (a′, b′) ⊂ I ′ and J ′′ = (a′′, b′′) ⊂ I ′′ are such subintervals. Let G′ = G ∩ [b′, a′′]
and G′′ = G \G′, then dist(G′, G′′) ≥ λLδ.
Finally, let δ be so small that δhδ < 3
−1λLδ, then
Gδhδ = G
′
δhδ
∪G′′δhδ and dist(G′δhδ , G′′δhδ) ≥ 3−1λLδ,
where G′δhδ = {x : dist(x,G′) ≤ δhδ} and G′′δhδ = {x : dist(x,G′′) ≤ δhδ}. We also
have
(x0 − δ, x0 + δ) ⊂ G′δhδ and |G′δhδ | ≤ 4δ.
Combining this with (16), (17), (18) and (20), we have
(x0 − δ, x0 + δ)× (y0 − δ, y0 + δ) ∩ E ⊂ (G′δhδ ×B) ∩ E, |E ∩ (G′δhδ ×B)| ≤ 8Lδ
and
dist
(
E ∩ (G′δhδ ×B), E \ (G′δhδ ×B)
) ≥ 3−1λLδ.
This means that the set E is uniformly disconnected and the proof of sufficient part
is completed.
3. Gap sequence of Lalley-Gatzouras sets
This section is devoted to the proof of Theorem 1.3. We divide the proof into three
lemmas.
Lemma 3.1 ([5, 15]). Let {αk}k≥1 be the gap sequence of a compact set A. Then
αk  k−1/γ ⇐⇒ N(δ, A)  δ−γ.
Here γ > 0.
Lemma 3.2. If A ⊂ Rd is a uniformly disconnected compact set, then
N(δ, A)  Nδ(A) for δ > 0.
Here Nδ(A) denotes the smallest number of sets of diameter δ that cover A.
Proof. Recall that N(δ, A) is the number of δ-equivalent classes of A. Fix δ > 0, for
x ∈ A, let Ax be the set of all points δ-equivalent to x.
By the definition of uniform disconnectedness, we have |Ax| ≤ cδ for all x ∈ A and
a constant c. Therefore,
(21) N(δ, A) ≥ Ncδ(A).
By the definition of δ-equivalence, we have dist(Ax, Ay) > δ if Ax 6= Ay. Therefore,
(22) N(δ, A) ≤ Nδ/2(A).
Now notice that in Euclidean spaces, we always have Ncδ(A)  Nδ(A)  Nδ/2(A).
Together with (21) and (22), this completes the proof. 
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Lemma 3.3. Let E be a Lalley-Gatzouras set, then
Nδ(E)  δ−dimB E.
Proof. This lemma is proved by Lalley and Gatzouras [13], although they didn’t
give an explicit statement regarding this. See the process of proofs of Lemma 2.1,
Lemma 2.4 and Theorem 2.4 in [13]. 
Clearly, Theorem 1.3 follows from Theorem 1.1 and the three lemmas above.
An unsolved problem. We end this paper with the following unsolved problem:
What is the limit behavior of gap sequence of Lalley-Gatzouras set when
ni 6= 0 for all i?
The authors [15] solved this problem for McMullen sets, but the argument is not
applicable for Lalley-Gatzouras sets.
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